Abstract. P. Hall introduced the notion of isoclinism between two groups more than 60 years ago. Successively, many authors have extended such a notion in different contexts. The present paper deals with the notion of relative n-isoclinism, given by N. S. Hekster in 1986, and with the notion of n-th relative nilpotency degree, recently introduced in literature.
Introduction and Statement of Results
Every locally compact topological group G admits a left Haar measure µ G , which is a positive Radon measure on a σ-algebra containing Borel sets with the property that µ G (xE) = µ G (E) for each element x of the measure space G (see [13, Theorem 2.8] ). The support of µ G is G and it is usually unbounded, but if G is compact, then µ G is bounded. For this reason we may assume without ambiguity that a compact group G has a unique probability measure space, where µ G is normalized, that is, µ G (G) = 1.
Let G be a compact group with the normalized Haar measure µ G . On the product measure space G × G, it is possible to consider the product measure µ G × µ G . If . It is clear that f is continuous and so C 2 is a compact and measurable subset of G × G. Therefore it is possible to define the commutativity degree of G as
We may extend d(G) as follows. Suppose that n ≥ 1 is an integer, G n is the product of n-copies of G and µ n G that of n-copies of µ G . The n-th nilpotency degree of G is defined to be
Obviously, if G is finite, then G is a compact group with the discrete topology and so the Haar measure of G is the counting measure. Then we have as special situation for a finite group G:
When n = 1, literature can be found in [5, 6, 7, 8, 9, 14] . Let G be a compact group and H be a closed subgroup of G. It is possible to define
It is clear that φ is continuous and so D 2 is a compact and measurable subset of H × G. Note that φ is the restriction of f under H × G. This remark shows why H has to be required as closed subgroup of G. Then we may define the relative commutativity degree of H with respect to G as
we define the relative n-th nilpotency degree of H with respect to G as
). The following notion is fundamental for stating our results (see for terminology [1, 2, 6, 10, 11, 12, 13, 15] 
, that is, the map α n+1 :
and the map
can be composed by the rule
It is easy to see that Definition 1.1 is well posed. In particular, two groups G 1 and
P. Hall already pointed out that two groups which are isoclinic can allow us to define the isoclinism as an equivalence relation [11] . Then it is possible to classify two groups with respect to their isoclinism class. See [10] as general reference on the topic. Successively, this crucial passage was pointed out by J. Bioch in [1, 2] and by N. S. Hekster in [12] with respect to generalizations of the notion of isoclinism. At the same way, Definition 1.1 allows us to define an equivalence relation, which extends that of P. Hall in [11] , that of J. Bioch in [1, 2] and that of N. S. Hekster in [12] . Two groups which satisfy Definition 1.1 are called relative n-isoclinic and we will write briefly (H 1 , G 1 ) n (H 2 , G 2 ). It is easy to see that it is possible to classify two groups with respect to their relative n-isoclinism class.
The main results of the present paper are listed below and they generalize [6 
Proof of Main Theorems and Some Consequences
This section is devoted to describe our main results.
Lemma 2.1. Assume that G is a compact group, H is a closed subgroup of G and
is the centralizer of the commutator [h 1 , ..., h n ] in G for some elements h 1 , ..., h n in H. Then
where
and χ D n+1 denotes the characteristic map of the set D n+1 .
Proof. Since
we have by Fubini-Tonelli's Theorem:
We recall to convenience of the reader [4, Section 6, Theorem 3]. Let (Ω 1 , A 1 ) and (Ω 2 , A 2 ) be two measurable spaces. The mapping X : Ω 1 → Ω 2 is said to be a measurable transf ormation
. Now for a measurable transformation X from a measure space (Ω 1 , A 1 , µ) to a measurable space (Ω 2 , A 2 ) one can check that the measure µ induces a measure ν on A 2 via ν{A} = µ{X −1 (A)}, for all A ∈ A 2 . This induced measure is denoted by µX −1 . Let φ be an isomorphism from a compact group G 1 with Haar measure µ G1 onto a compact group G 2 with Haar measure µ G2 . It is clear that φ is a measurable transformation from G 1 to G 2 , then by the uniqueness of the Haar measure on compact groups, we have that µ G2 = µ G1 φ −1 and so ( * )
Proof of Theorem 1.2. Let (α, β) be a relative n-isoclinism from (H 1 , G 1 ) to (H 2 , G 2 ) as in Definition 1.1. Assume that n = 1. Let µ H1 be a normalized Haar measure on
. Note that these requirements are well posed, because H 1 is a closed subgroup of G 1 and H 2 is a closed subgroup of G 2 . With obvious meaning of symbols, we have
now by Fubini-Tonelli's Theorem we have
then we may proceed as before:
now the commutativity of the diagram in Definition 1.1 and the fact that β is an isomorphism of compact groups allow us to write
now we may apply ( * ) above so
then we may proceed as before
The result follows in this case.
If we assume that n > 1, then we may repeat step by step the previous argument, writing the corresponding integrals for the (n+1)-tuple (h 1 , h 2 , . . . , h n , g 1 ) of H n 1 ×G 1 and for the (n+1)-tuple (k 1 , k 2 , . . . , k n , g 2 ) of H n 2 × G 2 . Therefore the result follows completely. The proof of Theorem 1.3 is mainly due to the next two lemmas, where the notations of Definition 1.1 have been adopted. Note that there is not hypothesis of compactness in the following two lemmas.
and two isomorphisms α and β such that α :
We may write N 1 = Z n (G 1 ) and N 2 = Z n (G 2 ). From this, the result follows.
Conversely, one can show easily that α(
Lemma 2.3. Let H be a subgroup of a group G = HZ n (G). Then
Proof. We want to show that (H, H) n (H, G). Let G = HZ n (G). We may easily see that
is isomorphic to HZ n (G)/Z n (G) = G/Z n (G). Therefore α : H/Z n (H) → G/Z n (G) is an isomorphism which is induced by the inclusion i : H → G. Furthermore, we can consider α as isomorphism from H/Z n (H) to H/(Z n (G) ∩ H).
On another hand, [ n H, G] = [ n H, HZ n (G)] = γ n+1 (H). By Lemma 2.2, the pair (α, 1 γn+1(H) ) allows us to state that (H, H) n (H, G).
The remaining cases (H, H) n (G, G) and (H, H) n (H, G) follow by a similar argument.
Proof of Theorem 1.3. It follows from Theorem 1.2 and Lemma 2.3.
We end with some consequences of the main results. We recall the following lemma, which is used in many proofs of [5, 7, 8, 9] . and the equality holds if G is isoclinic to an extra-special p-group of order p k+1 .
